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Systems with aftereffect, the state of which is given by non-linear Volterra-type integro-differential equations with small
perturbations, are investigated. The question of the existence of limit periodic motions in such systems is considered, assuming
that the linearized unperturbed system is asymptotically stable and that the perturbations, and also the non-linear terms, contain
functions of time, which tend exponentially to periodic functions. The limit periodic motions of a rigid plate (the model of a
wing) when there is an unsteady air flow about it are considered as an example. © 2004 Elsevier Ltd. All rights reserved.

1. LIMIT PERIODIC MOTIONS

We will consider a system with aftereffect, described by the following Volterra integro-differential
equation

t

‘;_’t‘ = Ax+ j K(t-5)x(s)ds + F(x,y,z,t) + W(®() + D, (t)x + D,(t)y + D;(#)z)
0 (1.1)

n
x,y,ze€ R, x = col(xy, ..., x,)

in which A is a constant # X n matrix, ®(f) = @,(f) + ®@,.(¢) is a vector function which is continuous
when ¢ € R, where ®,(¢) is its periodic part: ® (t + T) = ®,(t) and D.(f) — 0 exponentially as
t— 4o, U2 0isa small parameter, D(t) = D(t) + Di() (t = 1, 2, 3) are matrices w1th elements
similar to ®(¢), and F (x y,z,t) is a function, continuous int € R*, belonging to the class C' with respect
tox, y, z from a certain neighbourhood

B(x,y,2) = {x,y,ze R": |xll, Iy}, Izl < 3,}

The continuous n x n matrix K(¢) is specified when ¢ > 0 and satisfies the inequality

1K)l SC'E’S’—(#'—‘), C,B,p' =const, C'>0, P'>0, 0<p'<l (1.2)
t
In Eq. (1.1)
= Ik(t-—s)(p(x(s), s)ds (1.3)
0

+Prikl. Mat. Mekh. Vol. 68, No. 5, pp. 857-869, 2004.
0021-8928/$—see front matter. © 2004 Elsevier Ltd. All rights reserved.
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and z is an analytic functional in the form of an absolutely convergent Frechet series

oo n t t
=Y Y [ JKOC-sy o t=s0x; (51 x (50)dsy . ds :
k=1jk)=10 0o (1'4)

Jk) = i d
where k(f — 5) is a continuous n X n matrix function, specified in the set
= {(t,5) € R 0<s<t<+o0)

while the continuous vector functions K*® (¢ — sy, ... ,  — 5;) are specified in the set

";( = {(t’ sly erey sk)e Rk+1

10<s;<t<+e0, j=1, ..., k}

The vector function ¢(x, t) (9(0, £) = 0) of the class C* with respect to x in a certain nelghbourhood
B'(x) = {x e R™ ||x|| < &} is also continuous and bounded with respect to ¢t whent e R".

We will assume that the integral kernels k(t —s), K'® (¢ —sy, ..., t — s;) satisfy the following inequalities

lie(e - )] < CZEEE=22 (-BCt—s) (15)
(t-5)"
; -Bity = ... —Bet
"K’(")(tl, . tk)" < C[exp( Bty - Br k))’ t,=t-s; (1.6)
(t...1)
inwhichC >0,>0,B,>0(j = k) 0< py < 1,0< p < 1 are constants, and a number B exists

such that 0 < BO <B for all permlss1ble jandk.
As regards the non-linear vector functions @(x, £) = col(y, ... , 9,), F(x,y, z, t) = col(Fy, ..., F,) in
Eq. (1.1) and the representation (1.3), we will assume that the Lyapunov majorants [1]

©*(u) = col(of, ..., 0F), F*(u, v,w) = col(F}, ..., F¥)

are constructed for them, and that these majorants satisfy the following inequalities for arbitrary € such
that 0<e<1:

QX(eu)<e@*(u), ue B'w), i=1..,n
(1.7)

F*(eu, ev,ew) <e' *°Fy(u, v,w), >0, (u, v, w)e B(u, v, w)

The terms of Eq. (1.1) containing the parameter p will be regarded as the perturbation; in this case,
if non-linear terms are present in the perturbation we will assume that they relate to the function
F(x,y,z,¢).

Note that in [2] it was proposed to use Volterra functionals of the form (1.4) in the mechanics of
deformable bodies to describe the rheological properties of materials, thereby expressing the relation
between the stress and the strain. Singularities of the form (1.2), (1.5) and (1.6) appeared, in particular,
in integral kernels, characterizing the properties of such materials as, for example, polymers [3, 4].

Definitions. We will say that the continuous function x(¢), defined for t € R, is exponentially limit
periodic if it can be represented in the form

x(t) = x,() +x,(2) (1.8)

where x,(f) is a periodic function with period T > 0, and the function x,(¢) is such that x,(¢) — 0 as
t — +oo, where

|x.(0)] € C"exp(-a'), C">0, o'>0 (19)

We will denote the class of such functions by lpe(7, —a').
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We will also call the motion described by the function x(¢), limit periodic, if x(¢) € lpe(T, —o').

The class of functions x,(¢), which satisfy inequality (1.9), will be denoted by e(-a").

In a similar way, if the continuous function K{(¢y, ... , &) (¢ = ¢ - s;), specified in the set J';, satisfies
inequality (1.6) when 0 < By < B; (j = 1, ... , k), we will relate it to the class ex(—[3).

Hence, the functions ®(¢) and D(¢) in Eq. (1.1), which occur in the persistent perturbation, are functions
that are exponentially limit periodic and ®(¢), D(¥) € lpe(T, —-B") (i = 1, 2, 3) for certain §” > 0. Then, the
periodic parts, @,() and Dj,(z), of the functions ®(r) and Dy(¢) are bounded functions for ¢ € R*, so that

1@, |Dip(1)]| < €y, € = const>0 (1.10)

We will now refine the properties of the vectors ¢(x, ), F(x, y, z, t) as functions of the variable t. We
will assume that for all fixed x € B'(x) or (v, y, z) € B(x, y, z) the inclusion () € Ipe(T, -B%) holds or
F(x,y,z,t) € Ipe(T, -B%) (B® > 0) respectively, i.e. by equality (1.8) we have the representations

O(x1) = Q,(x, 1) +0,(x,1), F(x,y,2,t) = Fp(x,5,2,0)+F(x,y,2,1) (1.11)

We will investigate the structure of the general solution of Eq. (1.1), (1.3), (1.4) in the neighbourhood
of the point x = 0 assuming that the unperturbed linear homogeneous equation with the lower limit
of integration s, corresponding to (1.1), possesses the fundamental matrix X(z — s) (X(0) = E,), subject
to the inequality

| X(t-5)]| € Cexp(-o(t-5)), C,0o = const>0 (1.12)

i.e. the zeroth solution of the linearized homogeneous equation for Eq. (1.1) is asymptotically stable.
We will consider the problem of the existence of limit periodic solutions of Eq. (1.1), (1.3), (1.4) with
initial condition xy = x(0) € B"(xg) € B'(xy). Note that, with the above assumptions (1.5)—(1.7) and (1.12),
Eq. (1.1)-(1.4) is such that the pointx = 0 is totally stable under persistent perturbations [5].

Theorem. Suppose the conditions of continuity or smoothness of the functions mentioned above
are satisfied, and the functions occurring in the small perturbation satisfy the inclusion ®(t), D,(¢) €
Ipe(T, ") (B” > 0), and also for each fixed (x, y, z) € B(x, y, z), the property @(x, t), F(x, y, z, t) €
Ipe(T, -B°) (B® > 0) holds. Suppose inequalities (1.2), (1.5), (1.6) and (1.12) holds, and Lyapunov
majorants ¢*(x), F*(x, y, z), which satisfy relations (1.7), exist.

Then & > 0 exists such that the general solution of Eq. (1.1), (1.3), (1.4) x(t, xy, 1) € lpe(7, —y) for
certain Y > 0 when ||xg]| < 8, u < §, i.e. this solution can be represented in the form

x(t, Xg, W) = x,(8 W) + x,(2, xg, L) (1.13)

where x,(¢, W) is a periodic solution of the equation

‘%‘ = Ax + f K(s)x(t - s)ds + F,(x, 9,2, 1) + W(D,(#) + Dy ,(1)x + Dy, (1)y + D3,(1)2)
, 0
y(1) = j k(s)9,(x(t~s), £~ 5)ds (1.14)

0

oo

=Y Y [ JBC, 505 (-5 x; (¢~ 5,)ds, ...ds,
k=1jk)y=19 o

and Fy(x, y, z, f) and ‘(pp(_x(t), t) are the parts of the functions F(x, y, z, t) and @(x(¢), ¢) that are periodic
in ¢ in their representations (1.11).

Proof. We will construct the general solution of Eq. (1.1), (1.3), (1.4) in the neighbourhood of zero
by the method of successive approximations, using for this purpose the integral equation

t

x(1) = X(1)xg + [X(t - )(F(x(s), y(s), 2(s), ) +
5 (1.15)

+W(@(s) + Dy(s)x(s) + Dy(s)y(s) + Ds(s)z(s))ds
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which is equivalent to Eq. (1.1) together with the initial condition x(0) = x,, and the integral
representations (1.3) and (1.4).

Suppose xX)(r), y®@), 28() (k = 1, 2, ...) are successive approximations, obtained from formulae
(1.15), (1.3) and (1.4) by substituting relation (1.15), obtained in the previous step of the calculations
of the quantities x*~D(r), y*~D(z), 2%~ I(¢), into the right-hand side of relation (1.15), and the quantities
x®(z) into the right-hand sides of relations (1.3) and (1.4), where we assume that

t

D) = X(t)xo + u[X(1 - 5)®(s)ds (1.16)
0

We will denote the integral term in (1.16) by X\U(r) and convert it, taking into account the structure
of @(¢), to the form

X0(0) = u[X()@,(1-5)+ @, (1-s)ds = ¥ (1) +x (1)
0

where

¥ () = p[X()D, (1 - 5)ds
0

- ' (1.17)
r D) = -p [X(5)®,(t - 5)ds + u[X(5)®,(1 - 5)ds
We will analyse the properties of functions (1.17). We have
n _ T K (1)
ve+T) = j X(5)®,(t+T-s)ds = p j X(s)®,(t-s)ds = y''(1) (1.18)
0 0

ie. y(r) is a periodic function. For the vector function x(f), taking into account the fact that
®(r) € Ipe(T, -B") and, consequently, inequalities of the type (1.9), (1.10) and also (1.12) are satisfied,
we obtain the limit

Ix Vol < uC(Cl [exp(-0s)ds + " j exp(-0is)exp(-B" (¢~ s))dsJ =
' (1.19)

C,
= uC[—exp(-ar)+BC (exp(-ar) — exp(~ B"r))]

When obtaining inequality (1.19) we assumed o # B” for the sake of uniformity of estimation. This
can always be achieved by changing one of the constants for example, a, retaining the mequahty of
the form (1.12). We will put 0 < y < min(c., B, By, B, B”); then, by inequality (1.19), xV() € ey(=y)
and, since X(¢) € e;(-o), we obtain from relations (1.16), (1.18) and (1.19)

V(1) e Ipe(T, -y) (1.20)
Consequently, if xV(f) = col(x%l)(t), ..., x0(£)), we can assume that
|x§”(t)l Sufl)(xo, p) =const, i=1,...,n

Consider the vector function yV(¢), which, by relations (1.3), (1.11) and (1.20), can be written as
follows:

¥ = fkr- )00 () + (51, 9)ds = ¥(0)+ YO0
0
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where

Y () = [k()9,(xy (1~ 5), ¢ ~ s)ds
0

Y0 = -[k(),(x} (1~ 5), 1= 5)ds + (1.21)

+ [k()[0(xy (1= ) + x (1= 5), 1= 5) - 9,(x (¢ - 5), £ - 5)1ds
0

The function Y(l)(t) specified by the convergent integral for t € R*, like the function w(l)(t) 1.17),
is also periodic w1th perlod T.

We will show that Y{(¢) e e4(-y) for certainy' > 0.

In fact, the function

[k()0,(x V(2 - 5), £ - 5)ds (1.22)

which is continuous and bounded as t — +<o, decreases exponentially and approaches zero ast — +-oo,
and, in view of inequality (1.5), belongs to the class e;(—B). Using the Lipschitz condition for the function
¢(x, 1) when x € B'(x), we estimate the integral

1) = [KS)(x, (¢~ 5) + V(1= 5), 1 - 5) - 0, (x (2 - 5), £ - 5)]ds
0
We have

()l < +

J.k(s)[(pp(x;”(t -5)+ xi”(t ~5),t—5)— (pp(xf,”(t —5),t->5)lds
0 .

t
+[k()0.(x, (1= 5) + (2= 5), 1= 5)ds| <
0

(1.23)

(1)
e

14
<C, -Y(t—s))ds <

S(C,Co+ C)Cexp(-y1) fexP((Y, - )s) 4o
0 s

where Cp. > 0 is the Lipschitz constant, Cy > 0 is the constant in an inequality of the type (1.9) for the
function x,{ (t) and C’ > 0 is an analogous constant for the function ¢,(x, ¢) for all x € B'(x). Splitting
the integral in the last of inequalities (1.23) into two parts with hmlts of 1ntegrat10n 0 and 1, and also
1 and ¢, we obtain an estimate of the type (1.9). Consequently YV(r) e e,(~y) and yD(¢) e lpe(T -v).
We will analyse the structure of the vector function z)(r), Wthh is the series (1.4), in which the
functlons x;(s) take the Values x' i D(s). We will denote the term of thls series with the superscript j(k) by
I'®(¢) and 'show that [/ () € Ipe(T, =), i.e. IOty = I ’(k)(t) + I®)(r). We will represent the function

POy = f---JKj(k)('-sv et =5 51) + x805)) . (S0 + x5y ))ds . disy
[ ]

in the form of the sum of the functions
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t

t
j(k) (k) (1) 1
pr (1) = J....J'K] (t——sl,...,t—sk)lep(t-sl)...xﬁk‘),(t—sk)ds,...dsk
0 o

j(k) j(k) j(k)
Y@ = U@ -5

The periodicity of the first of these is obvious, while the property I2®)(z) € e;(—y) establishes the same
property of the function Y{V(£) (1.21), since when estimating the function I L(k}(t), the multiple integrals
occurring in it transform, in view of inequality (1.6), in the product of multiple integrals of the form
(1.22) and differences of the integrals, which occur in the upper row of inequality (1.23). Hence, the
proof of this property is carried out in a similar way. Thus, the series 2V(¢) € 1pe(T, -).

In the second approximation, the functions x(z), y®(¢) and z2®(¢) are given by the relation

21 = X(0)x0 + [X(1- $)[W(D(s) + Dy (5)xV(s) +
0 (1.24)

+Dy()yV(5) + Dy()2V()) + F(x(s), yPs), 275, 5) 1ds

which follows from formula (1.15), and relations (1.3) and (1.4), on the right-hand sides of which we
put x(t) = xmg)). Since the function F(x, y, z, t) is exponentially limit periodic in ¢ for fixed x, y, z and
V@), yO(0), 29() € Ipe(T, =), the function FxP(r), yD(z), 20(z), £) will be exponentially limit periodic,
as also the functions ®(¢) and D,(¢). Hence, repeating the previous discussions, it can be shown that
9, y(z)(t), z(z)(t) € lpe(T, —y). By virtue of the properties of the function F, the integral operator on
the right-hand side of relation (1.24) will be compressive.

In a similar way, in the general case, one can establish the property of the functions x®)(¢), y®(z),
20(2) e Ipe(T, —y), ifx®~V(e), y*D(p), - Y(t) € Ipe(T, - ? for certain y > 0. It was shown in [5, Theorem
2] that the successive approximations x)(¢), y¥(¢) and z¥(r) converge when ||xo|| < 8, i < & for certain
d > 0 to the functions x(¢), y(¢) and z(¢) respectively, which are the solution of Eq. (1.1), (1.3), (1.4).
This is established by constructing the majorizing equation for

u('xO’ p‘) > x(t' xO’ u')’ v(x09 u') > y(tv xO’ H)’ w(x01 u) > Z(t, x(); “-)
where

uCrp ) = lim u®(xo, 1), v(xo, ) = Jim v, 1), wixg ) = lim w®(xo, )
o0 00 —-p 400

and u®, v® and w® are majorizing sequences for x®(z, x,, 1), yO(t, xo, w) and z(")(t, Xg, ). The last
functions belong to the class l)pe(T, -v) and, as follows from the construction of the successive
approximations xl(,"), y},k) and zl(,k , the periodic functions x,(¢, i), y,(¢, u) and z,(¢, 1) are a solution of
Eq. (1.14) whenx, = 0 and p < 8, while the solution itself x(t, xg, 1) is represented in the form (1.13).

It should be noted that the periodic solutions of Volterra type integro-differential equations with infinite after-
effect, to which Eq. (1.14) belongs, have been considered in many publications (see, for example, [4-9]). In [7], where
general problems of the theory of periodic solutions were considered and particular equations relating to certain
applications were investigated, there is a considerable bibliography on this problem. An investigation has been carried
out on periodic solutions for integro-differential equations with an upper limit of integration in the form of periodic
functions in [8]. It was suggested in [6, 7] that periodic solutions can be represented by Fourier series. The proof
of the convergence of the successive approximations was based on the method of majorizing equations in [6).

2. LIMIT PERIODIC MOTIONS OF A WING

We will consider the problem of the rotational motion of a wing (a thin rigid plate) around a longitudinal
horizontal axis when there is an unsteady air flow about it [10]. We will carry out the investigation using
the model of unsteady flow proposed by Belotserkovskii [11], based on the introduction of integral terms
into the expressions for the aerodynamic forces and their moments acting on the wing.

We will denote the angle of rotation of the plate by 9, measured from the horizontal fixed axis Ox,
in the vertical plane (see Figure 1). Figure 1 shows a section of the wing by a vertical plane passing
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Fig. 1

through the centre of mass C of the wing. The point C has coordinates xy, y in a system of coordinates
Oxy, permanently connected with the plate. The unperturbed flow is directed horizontally and has
constant velocity V; parallel to the Ox; axis. Viscoelastic forces, which, it can be assumed, are produced
by a viscoelastic spring, act on the mounting of the wing. The moment of these forces is perpendicular
to the vertical plane Ox,y; and has a value L. We will represent the relation between L and the angle
¥, characterizing the deformation of the spring, by a functional in the form of a Volterra—Frechet series
[2, 3] of the type (1.4), assuming that the moment only changes sign when the sign of the deformation
¥’ = 9y + O changes

t

= 19+ j L'(t-s)®'(s)ds +

0
tee (2.1)
* [[JLD( = 51, 1= 53, 1= 53)9'(5,)0'(5,)0'(s;)dis dsyds + .
000

where [/ is the modulus of elasticity for torsion, ' is the total deformation of the spring and the constant
Oy is chosen so that the value 3 = 0 is the equilibrium position of the plate under steady flow when the
spring has no rheological properties. The kernels of the relaxation L'(f) and L® (ry, ... , ) (k =
3,5, ...) in representation (2.1) are continuous functions which satisfy inequality (1.6).

We will assume that the angle of attack (the angle between the plane of the wing and the vector of
the relative velocity of the flow at the point A of the leading edge) is expressed in terms of the angle
. Then the moment M of the aerodynamic forces acting on the wing in the case of steady flow [11, 10]
can be written by separating out in explicit form the non-linear terms up to the third order inclusive,

t
M = my+md+m,0+ m o’ +m"y’ + Jll(t— 5)0(s)ds +

° 2.2)

!

+ _[ L,(t - $)O(s)ds + I,(£)D(0) + 1,(£)5(0) + M’
0

where my, m{, my, m' and m” are constants, and the functions 1,(¢), I,(t) € C! and M’ are non-linear
terms of higher than the third order.

The velocity V of the unperturbed flow will be assumed to be directed along the vector V, and we
will also assume that the algebraic values I and V; of these vectors are connected by the relation

V = Ve+pu(s) (2:3)

where p < 1 and v(¢) is a continuous function of the class Ipe(7, —y) (y > 0).

For the perturbed flow the moment M of the aerodynamic forces, which depend on V' (2.3), will be
specified by formula (2.2) in which the constants m; (j =0,1,2), m and m” and the functions I(f)
(i = 1, 2) are replaced, respectively, by the quantities

mi(t) = (1+py;(O)m;, m'(t) = (1+py'())m'
m"(t) = (1+py"())m", 7;(1) = (1 +py(eNI()
where the functions y;(¢), ' (¥), W'(t), x:(¢) € lpe(T, v).

(2.4)
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We will write the equation of the rotational motions of the plate in the form of the system (x; = 9,
x=1)

% =Yy [a,xj+ [K (2 -5)x(s)ds + u(jx;(t, s)xj(s)ds+a;.(t)x,]]+ud>(t)+F
j=12 0 0 . (2.5)
dX2 _
i
in which, based on formulae (2.1), (2.2) and (2.4)
a, = (m +1,(0))/I, a, = (mgxysinBy+mgyycosdy—1+my+1,(0))/1
ay(t) = a ¥, (1), ay(t) = (my+ L(0)w,()/1
K, (t) = (dI()/d)lI, Ky(t) = (dI(t)/dt+ L'())/]
K\(t,s) = K, (t-s)x,(), Ky(t,5) = Ky(t-5)x,(t) + L"(8, 5) 26)

D(t) = (meYo()+@'(2))I, F = Fy+F;+F'

tt
F, %[%mg(xocosﬁo - yosinﬁo)xg + ”K(z)(t, 51 $3)X5(51)X5(5,)ds dsy ]
00

Fy

%[rh"x? +m x; - émg(xosim?o + yocosﬁo)x; +

tet
+ J‘”KO)(:, $1 S35 s3)x2(sl)xz(sz)xz(s3)dslds2ds3]
000

where mg is the weight of the body, I is its moment of inertia about the axis of rotation passing through
the pomt O, and F' is the set of terms of hlgher than the third order. The functions ¢'(¢), L"(t, s),
KO, 5, 5,) and KOz, 51, $,,53), which are not given in detail here, are found from formula (2.1).

It is easy to construct expressions for these, for example, in the special case [3, p. 607] when the integral kernels
in (2.1) have the following structure

2k+1
2k +1 T
L% D5y, 530 oy Speet) = by JI LG, lygy = const, k= 1,2,
i=1

and relation (2.1) then takes the form

L= —t8ey+ S by 35t 2o 18 +y +75G)
i=1

t t
y = J’L'(t-s)ﬂ'(s)ds, y = ji.(:~s)1s'(s)ds
0 0

where S(¥) is a holomorphic function. In particular, if 9, = 0, we have
(=0, L'(ts)=0, K?P(,s,5,)=0
and the integral term in the expression for F; (2.6) is reduced to the form L7/1.

We will assume that the integral kernels Ki(z) (j = 1, 2) (2.6) satisfy inequality (1.2). Terms of order
H, linear in x;, will be assumed to be the perturbation in Egs (2.5). The function ¢’ () can be represented
in the form ¢'(t) = ¢’ + @,(¢), where ¢’ = const and (pe(t) € e(~y) for certain ¥ > 0, the function
@(t) € lpe(T, —y) and all the integral kernels K¥(z, 51, ... , 5) € e} (Bo).
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For the unperturbed equation (2.5) we will set up the characteristic equation
dA)=A-ah-a,- AKXA)-KF(A) = 0 (2.7)

where K¥()) is the Laplace transform for the function Ki(¢) (i = 1, 2).

Suppose the characteristic equation (2.7) has a finite number of roots A; (j = 1, ..., L) in the complex
half-plane ReA > —B’ and ReA; < 0. Then condition (1.12) is satisfied. By virtue of the assumptions
made in this section the theorem of Section 1 holds for Eqs (2.5) and (2.6) and, consequently, under
the effect of the periodic part of the perturbation of the flow in the limit periodic vibrations of the wing
will become established. These periodic vibrations, by Eq. (1.14), correspond to the periodic solution
of the equation

B = ay(1+ Ry ()8 + (ay + 1ay (1)) + [[(K1(9) + nK1 (1, ) - 5)+ 8
o :

+(Ky(1, 5) + WKa(t, 5))0(t - 5) }ds + p® (1) + F

where, in all the integrals occurring in F, the upper limits of integration of ¢ are replaced by . In Eq.
(2.8) and, consequently, in formulae (2.6) the functions y(t), x(¢) with different subscripts, and also
(1), are replaced by y,(¢), x,(f) respectively with same subscripts and @,(¢), i.e. by the periodic parts
of these functions. Moreover, in Eq. (2.8) K;(t, s) are functions into which the integral kernels K(t, s)
(i = 1, 2) transform.

In the first approximation, the periodic solution of Eq. (2.8) has the form

30 = 1fx, (9)D, (1 - 5)ds (2.9)
0

where x,;(¢) is an element of the fundamental matrix X(¢) = (x;()) (i,j = 1, 2) in inequality (1.12).
Solution (2.9) can be sought in another form [6, 7], if the function @,(¢) can be represented by an
absolutely convergent Fourier series, so that

,(1) = 3 (Bysin(kon) + e cos(kan), ® = o (2.10)
k=0

Then, specifying the required function 9)(f) by a Fourier series of the form (2.10) with coefficients
b}, and ¢}, to determine these constants for each k we will have a system of linear algebraic equations,
the determinant of which is equivalent to the quantity d(¢k®) in relation (2.7) and is non-zero for all
by virtue of the assumption made that there are no pure imaginary roots in the characteristic equation.
Consequently, this series can be constructed and will be absolutely convergent together with the Fourier
series for the first and second derivatives, provided the function ®(¢) possesses, for example, a piecewise-
continuous first derivative.

Using formulae (2.6) for the non-linear terms, we can calculate the third approximation of the periodic
mode, which satisfies Eq. (2.8) (up to terms of the order of p? inclusive).

The rate at which the limit periodic solutions tend to periodic solutions is determined by the real
parts of the roots of the characteristic equation and the exponents in the integral kernels, and also in
the limit periodic functions, by which the perturbation is specified.

We will consider the example of the analytical determination of an estimate for these real parts and thereby of
the quantity o in inequality (1.12). Suppose

I(1) = d;exp(-Y?) +dexp(-Y,t), d;; = const, ¥; = const>0, ij =12 (2.11)

Taking representation (2.11) into account, we write characteristic equation (2.7) in the form

Mear-ay+ 3 A =0 (2.12)
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We will estimate the roots of Eq. (2.12) assuming that
d,.j=p&,-j, o<p<l, i,j=12 o (2.13)

and the values of y; are fairly high and that the Routh-Hurwitz conditions are satisfied, i.e. all the roots A (k =1,
2, 3, 4) (numbered in order of increase of the real part) lie in the left half-plane. We will represent A in the form

M= 3 AW (2.14)
=0

We have

A0 = ] 5@t a.+4a), Red’y<0, a,<0, a,<0

We will consider the case of the complex-conjugate quantities 7»( ) X(O) and we will obtain the constant u, for
the estimate |ReA;| > uy. To do this we will obtain the upper 11m1t for the moduli of the roots X3 and A4 of
Eq. (2.12). We will denote by v(u) (vi(0) = 0, = 3, 4) the series, which majorize the power serles in u for the
quantities A; - ?»(JO , in which we put corresponding to Eq. (2.12), reduced to polynomial form, h =—¥-2( > 1)
To obtain v3(1) we introduce the majorizing equation

2
b, = |27,—a||03+v§+uz(y,+v3)

i=1

2
by =Y-Y, b = |Yl+0171““1|¢0

2-i I‘}iIIYl Id.zle
Uy

" b=, (2.15)

To obtain an estimate in explicit form we will reinforce the ma]orlzmg equation (2.15), using the following
majorants for terms that are independent of p, instead of vy and v3

2
byv, 2 byvy
bo-vy " by- v,

We will denote by v3« the least positive root of the new (quadratic) equation. Then
[As| <A+ 03, (2.16)
Proceeding in a similar way, we obtain the corresponding root vy« > 0 and estimate of the real root of Eq. (2.12)
M| <72+ 4y (2.17)

On the basis of Eq. (2.12), reduced to polynomial form, we have

4

A

s=1

= —-a;+Y,+7, (2.18)

Since A, + A, = 2Rel,, using relations (2.16)—(2.18), we obtain the required estimate
1
|ReA,| >uy = 5(= 81— V3= Vgy) (2.19)

In a similar way we can construct an estimate for | Rel, | in the case when the integral kernels in representation
(2.2) contain an arbitrary finite number of exponential functions and are specified by the formula

P
I(t) = 0 Y disexp(~Y;t), dis = const, y; = const

s=1

An estimate of the type (2.19) enables us to avoid the numerical determination of the roots of the
characteristic equation.

In the more general problem of the three-dimensional motions of a wing acted upon by an unsteady
free airstream [10], the wing is represented by a rigid body (a thin plate) with one fixed point. The
mounting of the wing is modelled by a viscoelastic spring, and the stress-strain relationship is specified
in the general case by the Volterra-Frechet series (2.1). The system has three degrees of freedom and
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its motion is described by Volterra type integro-differential equations (1.1). The moments of the
aerodynamic forces, taking into account the perturbation of the flow velocity, are given by formulae of
the type (2.2) and (2.4). If the perturbation of the flow is described by exponentially limit periodic
functions of time, then, according to the theorem proved above, limit periodic motions of the wing are
established, which, as time passes, approach more and more to periodic.
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